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ω Hydrogen and oxygen are needed as fuel for
interplanetary travel.

ω Less energy is needed to escape Earth’s gravity
if the rockets are refuelled on a lunar base

ω Humans on the Moon and Mars will need
supply of oxygen

ω Ice is found at the poles and in craters on the
Moon and Mars

ω Solar photovoltaics can be used to generate
electricity

Joris Wegner, University of Bremen
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ω Hydrogen bubbles form at the anode

2𝜔+
(𝜀𝜗) + 2𝜛ε → 𝜔2(𝜚) (1)

ω Attached bubbles obstruct the motion of 𝜔+

ions, reducing e!ciency

HClO

H

H

e Ni

Ni

2

+
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Demirkr, a., Wood, J. A., Lohse, D., & Krug, D. (2024).
Langmuir, (39)
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What size are the bubbles when they detach from the electrode?
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ω Bubbles nucleate inside cavities on the electrode surface.
ω The contact angle 𝜍0 between the three phases depends on their

relative a!nities.

MODES OF BUBBLE GROWTH IN NUCLEATE POOL BOILING 285 

begins to take place (given by [25] with ~0mi n = ~OO). This is because rB is not, in fact, the greatest 
radius reached by the bubble during mode B growth. The greatest radius, rm,~, is readily seen 
(by differentiating [21] and putting dX = 0) to be given by [22], leading to an expression like 
[251: 

rmax 9 
a = 1 6 ~  sin2 ~Oo. [35] 

The last stage of mode B growth thus involves the shrinkage of the contact radius from rmx to 
rB while V (and hence R) continues to increase. The criterion for mode B growth to proceed to 
detachment so that [33] applies is thus: 

i.e. 
r <  rB, 

, 
- < s i n  2 ~Oo, [361 a 

from [34]. For the previous example of water-water vapour at 100°C and r = 10/z, [36] leads to 
~Oo > - 7 °. 

Expression [33] for the final bubble volume in mode B growth is of course only reliable up 
to/3 ~0.1, that is, from [301, up to q~o-30 °. 

3. THE I N F L U E N C E  OF ROUNDING OF THE ORIFICE EDGE 

The situation considered is depicted in figure 5. At all stages of growth the bubble surface joins 
the orifice surface at the natural contact angle cpo so that 

= ~Po + a, [37] 

where a is the inclination of the orifice surface to the horizontal in the plane of attachment. 
Again assuming this plane to lie in the neck region of the profile at detachment, the volume 
enclosed by the profile above this plane is given by [141. The variable volume in the orifice 
beneath the plane of attachment may be neglected since, like the volume left behind at 
detachment, it is of the order of (orifice radius) 3. The condition that the volume be a maximum 
is thus once more [28], and differentiation of [21] making use of this condition yields 

Since 

[ l 2/3R~ cos ¢ d~o = ~ - - ~ j  dX. [381 

dX dX 
de do, -rc cos a, [39] 

a 

Figure 5. Bubble growth on a round-edged orifice. 
~ VoL 4, No. 3-.D 
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has recently been obtained by the author (Chesters 1977). Since [9] is satisfied in many boiling 
situationst this approximate analytical solution is assumed to apply in what follows unless 
otherwise stated. 

The type of profile obtained is illustrated in figure 2 for the case fl = 0.0955. The points 
represent the numerical solution of Hartland & Hartley (1976). The profile is seen to resemble a 
circle closely up to the underside where it deflects away from the Y axis to form a neck. In the 
neck region (x ~X/~)  the variation of 0 (= tan-: (dY/dX)=tan-: (dy/dx): figure 1 with x is 
given to the first order in/~ by 

sin 0 = x + 2/3/3x, [10] 
from which follows 

and 

xt = ~/(2fl/3), [111 

sin 0r = 2~/(2fl/3) (radians). [12] 

xN = 2///3 [131 

where I and N are respectively the inflexion point (where dOIdx = 0) and the neck point (where 
0 = 90°): figure I. The volume, V, of the bubble above any horizontal plane cutting the profile in 
the neck region is 

V = ~ ¢rR3(l + fl) [14] 

to the first order in/3. 

Boundary conditions 
The equilibrium of the contact line between a gas, a liquid and a solid plane (figure 3a) 

requires equilibration of the three interfacial tensions which are associated with the cor- 
responding interracial free energies (Davies & Rideal 1963): 

tr' + cos~o = 0"". 

Since the three tr are fixed for given media, so is ~0, the natural contact angle. 

P= 0 . 0 9 5 % _  

Figure 2. 

solid s I 

Ftgure 3a. Figure 3b. 
Figure 2. Analytical (--Chesters 1977) and numerical (Hartland & Hartley 1976) solutions for the bubble 

profile. 

Figure 3. Contact angle at a solid plane, (a) with and (b) without a sharp edge. 

tFor water at 100°C, for example, [9] requires that 2R -< 1.6 mm. 

Chesters, A. K. (1978). International
Journal of Multiphase Flow, (3)
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ω At first, the contact line lies on the curved edge of the cavity as the bubble grows.
ω The contact line remains on the cavity as long as the angle of the bubble foot with the horizontal

is more than 𝜍0
ω This is known as the pinned state.
ω If the angle of the interface decreases to 𝜍0, the bubble spread across the electrode.
ω This is known as the spreading state.

282 A . K  C H E S T E R S  

The exception to this statement is when the solid terminates in a sharp edge (figure 3b) when 
any value of the contact angle ~0 greater than ¢o is found to be stable. As noted elsewhere 
(Chesters 1977) the explanation is probably that the actual contact line stabilizes itself a 
microscopic distance 8 (of the order of the range of the intermolecular attraction forces) away 
from the edge, so that tr" depends on 8. The smaller 8, the smaller tr" and the larger ~,. ~o = ~o, 
however, corresponds to 8 = oo and values of ~o less than ~Oo cannot be maintained but result in 
macroscopic motion of the contact line away from the edge until ~o becomes equal to ¢o. 

The two related modes of growth are illustrated in figures 4a and 4b. If, during the growth 
process, ~0 falls to ~oo, spreading occurs (mode B). 

Bubble  size at detachment:  mode A 

When growth occurs according to mode A (figure 4a), the scale of the profile (i.e. the value 
of R) reaches a maximum when the plane of attachment reaches the point N. Displacement of 
the plane of attachment beyond N diminishes the volume enclosed by the profile above N. 
Unless this diminution is compensated by a greater increase in the volume enclosed below N 
(the shaded zone in figure 4a), the maximum volume has been reached and the bubble 
detachest. For small values of fl this situation occurs when the plane of attachment is just 
beyond, but very close to, the point N (Chesters 1977). The maximum volume is thus given by 
[14], while [13] yields 

r 2fl 
xN R 3 [15] 

where r is the radius of the orifice. Equation [15] can be written 

R 3 = 3rtr/2pg. [16] 

Substituting [16] in [14] the maximum volume of the bubble is seen to be given to the first 
approximation by 

2~rrtr 
Vmax - [17] 

Pg 

Figure 4a. Mode A bubble growth. 

) ,  I • / 
/ 

x i I 
, k 

Figure 4b. Mode B bubble growth. 

tOn orifices of radius greater than 3.219~o-/pg) u2 detachment occurs at an earlier stage of growth due to an instability of the 
profile to small perturbations: Pitts (1976), Michael & Williams (1976). However, since this critical orifice radius is of the order 
of I cm, this mechanism is not relevant to the present considerations. 

Chesters, A. K. (1978). International Journal of Multiphase Flow, (3)
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ω The curvature of the interface is given by the Young-Laplace equation,

𝜑 ⌋ 1𝛻1
+ 1
𝛻2
⌈ = 𝜕ℵℶℷ ε 𝜕ℸ⊳ (2)

ω Assume axial symmetry,

𝜑 ⌋⊲0⊲1 +
sin 0
2 ⌈ = (3ℸ⊳ ε 3ℵℶℷ)4𝜚 ε

2𝜑
𝛻 (3)

Bashforth, F., & Adams, J. C. (1883). Cambridge University Press
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ω Group dimensional variables in the Bond number Bo = (3ℸ⊳ε3ℵℶℷ )𝜚𝛻2

𝜑
;

⊲0
⊲(1ϑ𝛻) +

𝛻
2 sin 0 = Bo 4𝛻 ε 2. (4)

Bashforth, F., & Adams, J. C. (1883). Cambridge University Press
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ω For each Bond number 5ℵ, we find the largest bubble with a given contact angle 𝜍.
ω The largest spreading bubble has a contact angle of 121⋛ and radius of 0.97 capillary lengths.

ω The dashed line 𝛻det

⌉ 3𝜚
𝜑
= 0.104𝜍, is the result of Fritz, 1935.
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ω For each Bond number 5ℵ, we find the largest bubble with a given cavity radius 6.
ω The largest possible bubble has 𝛻det

⌉ 3𝜚
𝜑
ϖ 1.2.
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ω Our results agree with the carbonated water experiments of Mori and Baines, 2001 and the boiling
experiments of Lesage and Marois, 2013.

ω We measure a maximum possible cavity radius of 2.40, agreeing with the stability analysis of
Pitts, 1974.
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Can we predict the shape of generic 3D bubbles?
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ω Triangulate the interface so that vertices lie on
the surface.

ω Compute the total curvature at each vertex
using discrete di"erential geometry.

7𝜔𝛚8ℸ =
1
2

{

9ϱ1ℷ(𝛆𝛝)

}
cot.ℸ9 + cot ,ℸ9

⦃ ⦄
𝝎ℸ ε 𝝎𝜺

⟨
.

(5)
ω Apply a surface tension force 𝝑𝝕 = 𝜑7𝜔𝛚8ℸ.
ω Endres, S. C., Avila, M., & Lutz, M. (2022).

Chemical Engineering Science

2.2.2. Boundary gas–liquid-solid interface contact angles
The cotan formula in Eq. (10) is well established in literature for

simulations involving curved surfaces, both in physical FEM simu-
lations (Nguyen et al., 2014) and in modern DDG interpretations
(Grinspun et al., 2006; Bobenko et al., 2008). The approximation
and the physical interpretation of the geodesic boundary curvature
on the other hand is less well established. For example, popular
discretisations based on the interior angles have the shortcoming
that, due to subtleties in how the cotan formulation is integrating
over the dual area Ci rather than the total area Ai, the mean normal
curvature on the boundaries is completely neglected in many
applications as exemplified in Fig. 5. Note that in Fig. 5 the shaded
dual area on the boundaries (shown in red) surrounding f i is not
included in the integral of the mean normal curvature of vertices

in the interior of the manifold (the remainder of the shaded dual
area shown in purple and green). Furthermore, note from Fig. 5B
that there is only one dual triangle per edge on the boundary edges,
unlike the interior which always has two associated dual areas.
Therefore, in order to compute mean normal curvatures on the
boundary vertices, we rederive Eq. (10) starting from Eq. (9) with
st f ið Þ ¼ C. The derivation is shown in Appendix B1 resulting in:

dHNdAi ¼
1
2

X

j2st f ið Þ @M

cotaij þ cotbij

! "
f i % f j
! "

þ 1
2

&
X

k2st f ið Þ\@M

cotaij
! "

f i % f kð Þ; ð12Þ

where @M is the global set of boundary vertices for the equation.

Fig. 4. (A) The simplicial complex of a triangulation in the plane together with its circumcentric dual complex. The star domain st ið Þ is the set of all simplices neighbouring a
vertex i, st ið Þ has a total area Ai . The circumcentric dual complex produces one (dual) vertex per triangle, here called a and b. The shaded dual area Ci of the circumcentric dual
cells with the dual vertices a and b associated with each edge eij with midpoint m, and corresponding interior angles a and b. Each edge eij has a corresponding unique
perpendicular dual edge eHij . (B) The surface function f maps vertices from the plane in R2 to the corresponding vertices in R3, the star domain st f ið Þ is the set of all simplices
neighbouring f i . Each edge eij has two associated normal vectors Na and Nb.

Fig. 5. (A) A discretised patch of manifold (blue) surrounding a boundary vertex f i , connected to an interior vertex f j and boundary vertex f k . (B) All interior edges eij have
two associated dual triangles (shown here in purple and green for the interior dual triangles). The boundary edges eik have only one dual triangle per edge shown in red. This
boundary area was not considered in previous works. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article).

Stefan Christian Endres, M. Avila and L. Mädler Chemical Engineering Science 257 (2022) 117681

6
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ω Initialise the bubble as a cone with volume <0 and base
radius 𝛻foot

ω Outer pressure assumed to be hydrostatic.

𝜕out = ς3𝜚4 (6)

ω Inner pressure enforces volume conservation.

𝜕in =
2𝜑
𝛻 ⌋<0

< ⌈
5

(7)

z
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Use the method described in Unverdi, S. O., &
Tryggvason, G. (1992). Journal of Computational
Physics, (1);
ω Split edges longer than 0.2𝛻
ω Merge edges shorter than 0.1𝛻
ω Reconnect diagonals if it shortens them by

more than a factor of 1.5.
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Use the Adams Bashforth method to find the
locations 𝛡𝛝 where resultant forces 𝛠𝛝 on the
vertices are zero;

𝛡𝛓+𝛗𝛝 = 𝛡𝛓𝛝 + . 32𝛠
𝛓
𝛝 ε . 12𝛠

𝛓ε𝛗
𝛝 (8)
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For a fixed contact line, we can replicate the bubble shape for a range of

Bond numbers, Bo = ς3𝜚𝛻2
𝜑 .
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The error in the height of the centre of mass has a quadratic dependence on the grid size,

⟩4ℏ⟪
⟩40⟪

ε 1 = 0.1 ⌋𝛻ℏ ⌈
ε2
. (9)
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ω The largest detaching bubble has a radius of 1.2 capillary lengths.
ω The largest cavity that can support a bubble has a radius of 2.4 capillary lengths.
ω We developed a discrete di"erential geometric formulation with second-order convergence.

T)’+7 3.!!

https://ianto-cannon.github.io/
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