
Numerical method


We make direct numerical simulations using the in-house code Fujin. This 
solves the incompressible Navier-Stokes equations on a  grid. We use 
an Eulerian immersed boundary method [1] to model the spheres. In the case 
of fibres, we use a Lagrangian immersed boundary method [2]. The flow is 
sustained using Arnold-Beltrami-Childress forcing [3] with amplitude . We 
investigate the effect of varying the forcing Reynolds number 

, which takes values from the table to the right.
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Turbulence modulation in multiphase flows at high Reynolds number
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Abstract


Nature has many examples of particle-laden turbulent flows, for example, sandstorms, volcanic 
ash clouds, pollen dispersal, and microplastics in the ocean. To this end, we perform simulations 
of turbulent flows with a range of Taylor-Reynolds numbers , containing finite-
size fibres and spheres with solid mass fractions .  We show that spheres and fibres 
increase dissipation in the fluid, but the anomalous  value of dissipation is 
unchanged. Spheres reduce the turbulent kinetic energy at large scales, while fibres reduce it 
across a range of scales. Both particle shapes produce shearing flows in their locality.

12.8 < Reλ < 442
0 < M < 1

(Reλ → ∞)

Figure 1. Setup

We use an  cubic domain with triperiodic boundary conditions. This figure shows vorticity 
magnitude in a slice through the domain. A case with spheres is shown on the left and a case 
with fibres on the right.
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marker ReABC M ⌘_L Re� ✏L_u®3
⁄ 894 0.0 4.06 ù 10*3 433 0.399
∑ 447 0.0 6.31 ù 10*3 308 0.382
À 224 0.0 1.11 ù 10*2 204 0.400
⁄ 112 0.0 1.95 ù 10*2 116 0.473
Ê 55.9 0.0 2.99 ù 10*2 101 0.428

TABLE I: Single-phase flows. ReABC is the forcing Reynolds number, and M is the solid mass fraction. We measure the
Kolmogorov length scale ⌘ í ⌫3_4✏1_4, the Taylor Reynolds number Re�, and the normalised dissipation ✏L_u®3 of the flow.

The largest and smallest values of each parameter are shown in bold.

marker ReABC M É⇢_⇢ ⌘_L Re� ✏L_u®3 St Rep
⁄ 894 0.1 1.29 4.09 ù 10*3 431 0.397 7.4 618
⁄ 894 0.3 4.99 4.18 ù 10*3 397 0.395 26.9 857
⁄ 894 0.6 17.4 4.09 ù 10*3 346 0.507 89.1 1.12 ù 103
⁄ 894 0.9 105 4.18 ù 10*3 280 0.625 471 1.18 ù 103
⁄ 894 1.0 ÿ 4.29 ù 10*3 247 0.708 ÿ 1.19 ù 103
∑ 447 1.0 ÿ 7.31 ù 10*3 161 0.786 ÿ 559
À 224 0.1 1.29 1.13 ù 10*2 219 0.374 1.91 142
À 224 0.3 4.99 1.16 ù 10*2 181 0.477 6.49 198
À 224 0.6 17.4 1.18 ù 10*2 157 0.586 20.9 243
À 224 0.9 105 1.19 ù 10*2 123 0.751 109 266
À 224 1.0 ÿ 1.26 ù 10*2 101 0.936 ÿ 260
⁄ 112 1.0 ÿ 2.14 ù 10*2 61.5 1.19 ÿ 117
Ê 55.9 1.0 ÿ 3.60 ù 10*2 34.9 1.81 ÿ 44.6

TABLE II: Sphere-laden flows. We set the solid-fluid density ratio É⇢_⇢ to obtain a range of solid mass fractions M . Bulk
statistics for the particles are the Stokes number St and the particle Reynolds number Rep. The largest and smallest values of

each parameter are shown in bold.

Reynolds numbers. Both spheres and fibres produce a comparable reduction in Re�, but the reduction e�ect is stronger for very
heavy fibres. Looking at the trend in Re� with the forcing Reynolds number ReABC in figure 2b, we see, as expected, a monotonic
increase in all three cases, i.e., single phase, sphere-laden, and fibre-laden flows.

The dissipative anomaly is a well studied feature in single phase turbulent flows, first proposed by Taylor [22]. It states that the
normalised dissipation ✏L_u®3 remains finite, even in the limit of vanishing viscosity (Re� ô ÿ), where we calculate the integral
length scale L = ⇡_(2u®2) î ÿ

0 E*1d from the energy spectrum. Donzis et al. [21] parametrized this relationship, based on the

marker ReABC M É⇢_⇢ ⌘_L Re� ✏L_u®3 St Rep
⁄ 894 0.2 47.2 4.09 ù 10*3 422 0.425 1.45 34.9
⁄ 894 0.3 81.8 4.02 ù 10*3 442 0.432 2.6 41.2
⁄ 894 0.6 279 4.17 ù 10*3 340 0.713 7.52 46.4
⁄ 894 0.9 1.69 ù 103 4.26 ù 10*3 223 1.15 36.1 47.2
⁄ 894 1.0 ÿ 4.40 ù 10*3 201 1.29 ÿ 46.0
∑ 447 1.0 ÿ 7.44 ù 10*3 115 1.78 ÿ 20.6
À 224 0.1 21.3 1.16 ù 10*2 192 0.434 0.155 8.31
À 224 0.3 81.8 1.16 ù 10*2 196 0.465 0.605 9.9
À 224 0.6 279 1.19 ù 10*2 167 0.63 1.85 11.2
À 224 0.9 1.69 ù 103 1.23 ù 10*2 72.5 2.25 7.16 9.11
À 224 1.0 ÿ 1.29 ù 10*2 54.9 3.17 ÿ 8.22
⁄ 112 1.0 ÿ 2.33 ù 10*2 28.8 4.68 ÿ 3.32
Ê 55.9 1.0 ÿ 4.27 ù 10*2 12.8 8.60 ÿ 1.51

TABLE III: Fibre-laden flows. We set the solid-fluid density ratio É⇢_⇢ to obtain a range of solid mass fractions M . Bulk
statistics for the particles are the Stokes number and particle Reynolds number. The largest and smallest values of each

parameter are shown in bold.
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Figure 2. Anomalous dissipation

Dependence of the normalised dissipation on the 
Taylor-Reynolds number , where  is the dissipation 
rate,  is the integral length scale, and  is the RMS 
velocity. Horizontal dashed lines show the anomalous 
value of dissipation  measured by [4] for 
single-phase turbulent flows. Solid lines show fits of


 . The fitted values of 

 are given in the inset plots. Donzis' result  [4] 
is marked with an ‘X’.

ϵℒ/u′￼3

Reλ ϵ
ℒ u′￼

ϵℒ/u′￼3 = 0.4

ϵℒ/u′￼3 = 0.2 + 0.2 1 + B2 /Re2
λ

B (B = 92)

Figure 3. Kinetic energy spectra

On the left, we show flows with spheres, and the 
vertical grey lines show the wavenumber of the sphere 
diameter. On the right, we show flows with fibres, and 
we shade the region between the wavenumber of the 
fibre length and the wavenumber of the fibre diameter. 
Single phase  cases are in black, and cases 
with fixed  particles are in colour. Markers are 
at the wavenumber of the Taylor length-scale. We see 
that spheres reduce the energy at large scales, and 
fibres reduce energy across a range of scales, down to 
their diameter.

(M = 0)
(M = 1)

10°7

10°5

10°3

10°1

101

E

u02L

∑°5/3

(a) ReABC 2 {894, 224}, spheres

∑°5/3

(b) ReABC 2 {894, 224}, fibres

100 101 102
∑L

10°7

10°5

10°3

10°1

101

E

u02L

∑°5/3

(c) M 2 {0, 1}, spheres

100 101 102
∑L

∑°5/3

(d) M 2 {0, 1}, fibres°2 °1 0 1 2

°5.0

°2.5

0.0

2.5

5.0

∫Q

≤

-6

-4

-4

-4-4 -2

(a) ReABC = 894

-4

-4

-4-4 -2

(a) ReABC = 894

-4

-4

-4-4 -2

(a) ReABC = 894

-4

-4

-4-4 -2

(a) ReABC = 894

-4

-4

-4-4 -2

(a) ReABC = 894

-4

-4

-4-4 -2

(a) ReABC = 894

°2 °1 0 1 2

-6

-4

-4

-4-4 -2

(b) ReABC = 894

-4

-4

-4-4 -2

(b) ReABC = 894

-4

-4

-4-4 -2

(b) ReABC = 894

-4

-4

-4-4 -2

(b) ReABC = 894

-4

-4

-4-4 -2

(b) ReABC = 894

-4

-4

-4-4 -2

(b) ReABC = 894

°2 °1 0 1 2

°5.0

°2.5

0.0

2.5

5.0

∫Q

≤

-6

-4

-4

-4-4 -2

(c) ReABC = 224

-6

-4

-4

-4-4 -2

(c) ReABC = 224

-4

-4

-4-4 -2

(c) ReABC = 224

-6

-4

-4

-4-4 -2

(c) ReABC = 224

-6

-4

-4

-4-4 -2

(c) ReABC = 224
-6

-6

-4

-4

-4-4 -2

(c) ReABC = 224

°2 °1 0 1 2

-6

-4

-4

-4-4 -2

(d) ReABC = 224

-4

-4

-4-4 -2

(d) ReABC = 224

-4

-4

-4-4 -2

(d) ReABC = 224

-4

-4

-4-4

(d) ReABC = 224

-4

-4

-4-4 -2

(d) ReABC = 224

-4

-4

-4-4 -2

(d) ReABC = 224

°0.75 °0.50 °0.25 0.00 0.25 0.50 0.75

∫3/2R/≤3/2

°2

°1

0

1

2

∫Q

≤

-2

-2

-2-2

(e) M 2 {0, 1}

-2

-2

-2-2

(e) M 2 {0, 1}

-2

-2

-2-2

(e) M 2 {0, 1}

-4

-2

-2

-2-2

(e) M 2 {0, 1}

-4

-2

-2

-2-2

(e) M 2 {0, 1}

-2

-2

-2-2

(e) M 2 {0, 1}

-4

-2

-2

-2-2

(e) M 2 {0, 1}

-4

-2

-2

-2-2

(e) M 2 {0, 1}

-4

-2

-2

-2-2

(e) M 2 {0, 1}

-2

-2

-2-2

(e) M 2 {0, 1}

°0.75 °0.50 °0.25 0.00 0.25 0.50 0.75

∫3/2R/≤3/2

-2

-2

-2-2

(f) M 2 {0, 1}

-2

-2

-2-2

(f) M 2 {0, 1}

-2

-2

-2-2

(f) M 2 {0, 1}

-4

-2

-2

-2-2

(f) M 2 {0, 1}

-4

-2

-2

-2-2

(f) M 2 {0, 1}

-2

-2

-2-2

(f) M 2 {0, 1}

-2

-2

-2-2

(f) M 2 {0, 1}

-2

-2

-2-2

(f) M 2 {0, 1}

-2

-2

-2-2

(f) M 2 {0, 1}

-2

-2

-2-2

(f) M 2 {0, 1}

Figure 4. Alignment of the vorticity  with 
the strain-rate eigenvectors 

Markers denote the mean alignment . The 
inset shows directions of vorticity and the strain-rate 
eigenvectors in a laminar shear flow above a flat non-
slip surface, and  are confined to the shear plane, 
while  and  are perpendicular to it. When particles 
are added, and  become more perpendicular to the 
vorticity, and  becomes more aligned. This is 
consistent with the existence of a shear layer at the 
particle surfaces.
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â1 â3
â2

Figure 5. Invariants  and  of the fluid velocity 
gradient tensor

Single phase  cases are in black, and cases with 
fixed  particles are in colour. Numbered markers 
show the value of  at each contour, where  is the 
probability density. The grey curve is where the 
discriminant  is zero, above this curve the 
flow is vorticity-dominated, and below this curve the flow is 
strain-dominated. Spheres reduce the vorticity and shear in 
the flow, whereas fibres produce a new flow which is shear 
dominated.
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